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In this paper, we reassess a particular _R^-type gravity action in D dimensions, recently studied 
by Nakasone and Oda, now taking torsion effects into account. Considering that the vielbein and 
the spin connection carry independent propagating degrees of freedom, we conclude that ghosts and 
tachyons are absent only if torsion is nonpropagating, and we also conclude that there is no room 
for massive gravitons. To include these excitations, we understand how to enlarge Nakasone-Oda's 
model by means of explicit torsion terms in the action and we discuss the unitarity of the enlarged 
model for arbitrary dimensions. 



o 

< 



CD 

> 

OO 

o 

in 
o 

o 



X 



PACS numbers: 



I. INTRODUCTION 



Massive gravity has been an issue of particular inter- 
est since the early days of quantum gravity. More re- 
cently, in connection with models based on brane-world 
scenarios, the discussion of massive gravitons is draw- 
ing a great deal of attention, in view of the possibility 
of their production at LHC and the feasibility of de- 
tection of quantum gravity effects at the TeV scale 
0. In the framework of branes, the graviton acquires 
mass via a spontaneous breakdown of general coordinate 
reparametrization symmetry Q. However, as it is usual 
in all Higgs-type mechanisms, a nonvanishing vacuum ex- 
pectation value for an extra scalar field is needed in the 
description. There is also an alternative way to generate 
mass in three dimensions, as proposed by Jackiw, Deser 
and Templeton frj . There, a topological parity- violating 
term is added to the Einstein- Hilbert gravity Lagrangian 
in order to describe a massive graviton. The final theory 
is also unitary. 

In this context, we asked if it is possible to build up 
a unitarity and parity-preserving model that generates 
mass for the graviton without the need of an extra field. 
Bergshoeff, Hohm and Townsend obtain such a model 
for D = 3 [Sf by considering a nonlinear theory that is 
equivalent to the Pauli-Fierz model at the linear level. 

In a very recent paper, M. Nakasone and I. Oda @ have 
shown that a particular i?^-type action in three dimen- 
sions is equivalent to the massive Pauli-Fierz gravity at 
the linear level, as it has been proposed in Q; moreover, 
they also describe how, only in three dimensions, there is 
no ghost, so that the model preserves unitarity. In fact, 
the question of unitarity in massive gravity theories is a 
topic of special relevance in the literature |7|-pT|. 

Besides these considerations, massive gravity is of in- 
terest by itself. For example, the work of Ref. [12] has 
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pointed out the relevance of three-dimensional gravity in 
connection with Conformal Field Theories (CFT) theo- 
ries [l^. Three-dimensional gravity has no local degrees 
of freedom. The Riemann tensor has the same number 
of components as the Ricci tensor, which means that all 
solutions in these theories are trivial, with the excep- 
tion of those that consider topological effects. However, 
the situation might change if we consider massive spin-2 
propagating modes in three dimensions. This is because 
the Poincare group representations of massive particles 
in three dimensions and massless particles in four dimen- 
sions are described by the same little group, SO (2), hav- 
ing both two types of helicities ±2 [8|. We do not however 
discuss these interesting points in the present paper. 

Specifically, we investigate if there is a possible general- 
ization of the results of [9| , whenever we have propagating 
torsion in any dimension. We work with the vielbein and 
the spin connection as independent fields. Our viewpoint 
is that this is a more fundamental approach to gravita- 
tion, since it is based on the fundamental ideas of the 
Yang-Mills approach As it shall become clear 

in the sequel, we conclude that explicit terms in the tor- 
sion field are needed in order to describe a propagating 
massive graviton. 

We also analyze the unitarity of the model, and for 
this we consider the most general parity-preserving La- 
grangian without higher derivatives in D dimensions. We 
obtain a certain number of unitary Lagrangians that yield 
a propagating massive graviton and compare them with 
those Lagrangians found by Sezgin and Nieuwenhuizen 
p^ . in case we reduce our results to D=4. As we consider 
only quadratic terms in the curvature and torsion in the 
Lagrangian, by virtue of the Gauss-Bonet theorem, there 
is a redundant term among the possibilities for D=4. 
But, for D ^ A, this term must be considered, since the 
Gauss-Bonet theorem does not involve quadratic terms 
for D ^ A. So, structurally, this is the important differ- 
ence from the Lagrangian considered in [l^. The out- 
come is that we find a set of Lagrangians with a massive 
graviton that, in the particular case of D=4, reproduce 
those studied in [l6|. However, we should mention that 
we have no intention to reproduce and repeat all the re- 
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suits of [l6|, where there is an exhaustive and complete 
analysis. We carry out our discussion in D dimensions 
and, for D = 4, we shall be pointing out the cases that 
correspond to intersections with situations contemplated 
in [16,]. 

Our paper is organized according to the following out- 
line: in Sec. II, we present the model, our conventions 
and obtain the propagators of the corresponding modes. 
Next, Sec. Ill tackles the question of how to introduce 
massive gravitons by enlarging our initial model. In Sec. 
IV our aim is to analyze the existence of tachyons or 
ghost modes in the massive and nonmassive sectors. Fi- 
nally, in Sec. V, we set up our concluding remarks. In 
the Appendix, we collect the whole set of spin operators 
that appear in our treatment. 



where the Greek indices refer to the world manifold and 
the Latin ones stand for the frame indices. 

In the following, we shall consider fluctuations of the 
fundamental fields in order to set up the quantum theory: 



ab _ ~ ab 



We also define the cf) and x fields as 



i>ab = 2 (Cab + Cba) ; 



Xab = 2 i^ab — eba) ■ 



(4a) 
(4b) 



(5a) 
(5b) 



II. DESCRIPTION OF THE MODEL 

In order to investigate the changes that occur when 
torsion propagates, we start off by considering the same 
Lagrangian as the one analyzed by Nakasone and Oda in 
Ref. 0, with the exception that we consider here the 
right sign of the Einstein-Hilbert term. In the models 
of Refs. 0, 0, the opposite sign is essential for the 
reduction of the Lagrangian to the Pauli-Fierz model. 
However, as shown in [9], this reduction is possible only 
in three dimensions. This can be seen by noticing that, in 
three dimensions, the Einstein-Hilbert Lagrangian does 
not have any propagation mode, whereas in dimensions 
higher than three it does propagate a unitary massless 
mode. With the "wrong" sign, the model necessarily 
displays ghosts in the spectrum. Therefore, our starting 
point is the Lagrangian below: 

Cr = e {-^R + aR^ + /SR^.aR'"') 

+ e7 (iJ^.afci?^""' - 4i?^ai?^" + i?') , (1) 

where a, /3, 7, are arbitrary dimensionless constants 
and e is the determinant of the vielbein. In the work of 



Ref. 



their values are set to be 



D 



:/3, 7 = 0. 



We do not adopt these choices here, because now the 
Lagrangian ([T]) contains R, i?^", i?^^ with the viel- 
bein, e°, and the spin connection, w^"'', taken as inde- 
pendent fields. We must analyze if this yields a consis- 
tent quantum theory as far as unitarity and causality are 
concerned. Our conventions are 



The Lagrangian, up to second-order terms in the quan- 
tum fluctuations, can be written as 



a,l3 



(6) 



where -00, K carry the 40 components i(l)ab,Xab,^abc)- 

In order to investigate the spectrum of our model, we 
work with a complete set of spin projector operators for a 
conserved parity model describing a rank-3 antisymmet- 
ric tensor in two indices and a rank-2 tensor. With the 
help of these operators, given in the Appendix we split 
the bilinear piece of the Lagrangian as: 



Here, we adopt the conventions of Ref. [1^. The di- 
agonal operators, i'** ('^^) j projectors in the spin 
(J) and parity (P) sectors of the field 5". The off- 
diagonal operators (i ^ j) implement mappings inside 
the spin/parity subspace. These operators form a basis 
with a completeness relationship: 



(8a) 
(8b) 



p ab ft , , o,b , , o-b , a cb a cb 



n a t? o-b 

'^{i ^b '^{i.v 1 

^ — ^a^b^^ii/ 1 

r^ab = (1,-1,-1,-1), 



(3a) 
(3b) 
(3c) 
(3d) 



The Gij {J^) coefficient matrices, representing the con- 
tribution to the spin (J) and parity (P), are given by 
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UJ 

1 

" 2k7 ' 2 



(9) 



(10) 



U! 
UJ 

X 



' 2k2 ' 2 
]_ 1 

V2^ 

■ A? 1 



UJ 



UJ 

1 1 
^2 'k^ 






72^2 



(11) 



(1-) = 



UJ 
UJ 



( i£^pp2 + iD~3) 

2 



2k2 
1 



V (Z? _ 2) 



1/2 



(D-2)i/2 1 
2 7^ 













1/2 









1/2 



(12) 



(0+) = </> 



^/3p2_ J^(l_^)+2(i?-l)ap2 




(J'-2) 
\/2k2 



(13) 



a(O-) 



27p2 



(14) 



r 



As it can be readily seen, the matrices for the spins 
= (l''',0+) are degenerate; this reflects the fact that 
there are some local invariances in our Lagrangian. We 
already expected this, since our model is invariant under 
linearized general coordinates and local Lorcntz transfor- 
mations. If these matrices were invertible, propagators 
saturated with the external sources could be written as 



n 



-1^4) p-4"t' : 



'a0 



Sb 



(15) 



for the 



with the Sq's being the sources Tabc,'^{ab),^lab] 
spin connection, the symmetric and the antisymmetric 
parts of the vielbein, respectively. These sources satisfy 
suitable constraints imposed by the gauge invariances of 



the action. In addition to the symmetries shared by the 
sources and fields, they are conserved. They then satisfy 



a.r'^''" = 9aS("''^ = ^aS'"''! = 0. (16) 
In the present case of degenerate matrices, the cor- 
rect propagator is obtained by taking the inverse of the 
largest nondegenerate submatrix and saturating it with 
the conserved sources. Since these sources are conserved, 
the resulting propagator is gauge invariant, as shown in 
[l7| . The nondegenerate matrices are given by 



J 



(2+) 



1 

2fp 



' 2 
7a 1 



V2k2 



(17) 



4 



b^, (r 



2^ + W 
]_ 1 

%/2 



1 1 





(18) 



6., (1-) = 



LD-:2) o 9 



2 ^/?F 

-2{D-3)w 



D-3 

w 



(D-2)i/" 



(19) 



(0+) 



f/3p2-^(l-f)+2(I?-l)ap2 -*V^^ 



(20) 



a (2-) 



1 



2 ■ 27P^ 



(21) 



a(O-) 

their respective inverses are listed in the sequeh 



27p2; 



(22) 



1 



2^ 



,2 1 



-2^ + ^/3p' 



(23) 



fe-i 1+ = -2«:4 



71^ 1 



(24) 



1 



4^4 



CD-2)^J_ 
2 



^n-2)\il^l^ (Z^^p2 ^ J,(IZ_3)_2(D-3) 



7P 



(25) 



2^4 



(i? - 2)^ \ f - J. (1 - f ) + 2 (Z5 - 1) y ' 



(26) 



a- (2-) 



27 - 4p 



(27) 



a- (0-) = 



27 + 5^ 



(28) 



We immediately get that there are two nonmassive poles in the 2+, O"*" sectors and two massive poles in the 2~, 0~ 
sectors. These results highlight a remarkable difference with respect to [9|], because we do not have spin-2 massive 
propagation for the vielbein; so, we do not expect spin-2 massive graviton in any dimension. Actually, as it will be 
shown in the next section, if we impose unitarity, the model becomes trivial, in the sense that none of the modes can 
propagate. 
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III. TOWARD A MASSIVE GRAVITON 

Our initial motivation was to investigate the role of a 
propagating torsion in the description of massive gravity. 
Ever since, our results are not encouraging in the sense 
that, as seen from the previous analysis, there is no room 
for the propagation of a massive graviton in our model. 

From the inspection of the structure of the matri- 
ces (|17ll20p . we can understand how to cure this prob- 
lem. In the curvature terms, we have only contri- 
butions for ujuj^uxj), (puj propagators. Once the struc- 
ture of the w0, (j)uj contributions are always of the form 
•^/p^x (function of the constants k, a, /3, and D), we 
do not expect that the determinant may exhibit zeroes 
at = 7^ 0, which would correspond to massive poles. 
So, we claim that the only way to get a massive pole is 
to insert a (j}4> contribution into these matrices. But, this 
is possible only if we enlarge our initial Lagrangian with 
explicit torsion terms. 

Within all possible quadratic terms that we can form 
with torsion, the independent contributions turn out to 



be 



fib 



TnhrT 



abc 



-^abc-L — • For an initial at- 
tempt, we could take a representative case and check that 
it does the job we have in mind, namely, to introduce a 
massive pole. But, as we wish to find possible unitary La- 



grangian that describe massive gravitons, we have aside 
our initial model and consider the most general parity- 
preserving Lagrangian without higher derivatives, that 
is 

C = -XR + ^R" + {s + t)RatR'''' + is-t)RatR'"' 

+ i (2d + q) RabcdR^"^" + i (2d + q - 6r) RatcdR""'" 

+ l{d~q) RabcdR'^^'" +^{^n + v + 3A) T^t^T^'^ 
+ {~u + 2w-{D-l) A) T,, 't'^^ (29) 



The constant factors are chosen in this cumbersome 
way in order to simplify the analysis of the conditions for 
unitarity. By linearizing £ and, using the results of the 
Appendix, we write C2 in terms of the spin operators. 
The total linearized Lagrangian can be written again as 

(£),= ^^'^'{■nptijnap^^- (30) 

But now, the coefficient matrices are given by 



J 



a 0^ 



[Ds + 2d - 2r + 2 {D - 1) £,]p^ 



—i\/2yjp^w 
2 [w - (^A)] p2 



(31) 



air 



I 2{D-2)w+u 
+ 2(D-1) 
(p_2)V2 ( 2w-u \ 
2 \D-l) 



(a-2)V / 2w-u 
2 \ D-1 



I^[™ + -(V)] 



- + 1i (- 



2 ) 

D-2\ 



r(D-2)lV2 / 2, 



/ 2m~u \ 

^ 0-1 ; 



fw + M ( 



2 

D-2 \ 
2 ) 

D-2\ 



(32) 



a 2-^ 




(33) 



(2-) = dp' 



2' 



(34) 



( {t-2r)p' + {^) 



a 1+) = 



■ r^{2v-u) \ 
lyp'^- — ^ \ 



(2v~u) 

3^2 3V2 

3 '■yt' 3 

/I2 ("+-") (u+v) 2 

VP 3 3 ^ 



(35) 



a (0 ) — qp' + V. 



(36) 



6 



Again, we have degeneracies and, in order to obtain the saturated propagator, we must pick out the nondegenerate 
submatrices. We quote their inverses below: 



(2^ 



[s + 2d- 2r) (w + A) / + - A 




(37) 



(0-) = (gp2 + .,)-\ 



(38) 



(39) 



-(t-2r) (w + „)p2_,__ 




(2t)-M) 

3\/2 

2r) p2 + (2i±4li) 



(40) 



Z? - 1 



(D-2) 



(s + t) +p 



W + It 




(41) 



6-1(0+) 



2[ 



[Ds + 2d-2r + 2(I?- 1)^] 



w — A 



-w{D-2)X 



^^/2^ 



^_A] p2 



w 



[Ds + 2d - 2r + 2 (D - 1) ^] 



(42) 



We can now reahze that our chances to describe a massive graviton have enhanced. At the same time, the intro- 
duction of the new term endowed the other spin sector with dynamics. So, apparently, we could obtain a Pauli-Fierz 
analogue, that is, with only a spin-2 massive particle propagating, if we prevent the extra modes from propagating by 
imposing relations among the parameters of the Lagrangian, so that the extra poles vanish. But we do not investigate 
it. Our aim is only to give some insights on how to describe a massive graviton whenever we have propagating torsion. 



IV. ANALYSIS OF TACHYONIC AND GHOSTS 
MODES IN THE EXTENDED MODEL 

Now, that we have obtained the inverses of the nonde- 
generate submatrices, we can write the saturated propa- 
gator with an external current, Sa'. 



, (43) 



where Ay are the matrices given above with the massive 
pole extracted. So, these are 2x2 (or 1 x 1 for 1^ and 
2~ sectors) matrices, which are degenerate at the pole. 
According to Ref. |16|, for a massive propagating particle 
not to be a tachyon or a ghost, we must require that 



> and Im Res (11) |p2^„2 > 0, 



(44) 



which implies that, for each , we must have 

(-l)^trA(j^)|p2^„.2 >0. (45) 

The (—1)^ factor comes from the evaluation of the spin 
operators at the pole. The even (odd) operators have 
an even (odd) number of 6 in their structure and each 9 
contributes with a (—1) factor. For each spin we have 
the conditions: 

2+ : 2d~2r + s>0; uX{u + X) < 0. 

2- : d < 0; u>0. 

1+ : 2r + i > 0; uv {u + v) < 0. 

^^2^ (s + i) + d] < 0; wu[w + u (^)] > 0. 
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0+ : [Ds + 2d - 2r + 2 (£> - 1) ^] > 0; 
wX [w-{^) A] > 0. 







q <0; V > 0. 



These vectors span the D-dimensional Minkowski space. 
Plugging (j48|) in (|46|) . we obtain 



D~-2 ''''^^ 



Im Res (n)p2^o = (^Cg^^Cg'^ - ^r^c?;:c(' 



(50) 



For the case of massless poles, the analysis requires 
extra care, because there are new singularities, coming 
from the operators themselves, when we evaluate them 
at the pole = 0. For this reason, we proceed in a 
somewhat different form. 

Because of the singularities of spin operators, even the 
matrices with massive poles can contribute to the residue 
of the massless poles. The and p~^ singularities can- 
cel out when we use the source constraints. It can be 
shown that from all singularities, only those associ- 
ated with the Einstein-Hilbert survives. The final result 
to the residue of massless poles is 



Im Res (n) 



P(2+,7?) 



D-2 



4 2i 
-2i 1 



P(0+,7?) 



(46) 



As the matrix that appears in this equation is Her- 
mitean, it can be diagonalized by a suitable unitary ma- 
trix. Making this change of variables, we can rewrite this 
expression as 



D~2 " ^ 



Im Res(n)p.=o = 5^ ( f^^''*iiab) 



(47) 



Furthermore, choosing a suitable basis in the D- 
dimensional Minkoswski space, we can expand the source 

t('^'') as 



ClpV + C2a(A°"+A"") 



+ C3Q/3(e e '^j 



where. 



= (po,-p), 
e^, a = l,...,D-2 



with, 



p~ = q~ = 0, 



„2 2 _ 

p.q - [p^f + (p)2 -L 0, 
p.ta = q-€a = 0, 

ea-e/3 = —6ap- 



(48) 



(49a) 
(49b) 
(49c) 

(49d) 
(49e) 
(49f) 
(49g) 



Let us relabel the {D — 2) cs's by Ci , with i = 1 , . . . , _D - 
2 = N. So, this expression can be written as: 



Im Res (n)p.=o = 5— ^ - {\c,\^ + |c,f - (c^c, + c*c,)) 

(51) 



This expression vanishes for D ~ i {N — 1) and is 
positive-definite for Z? > 3 {N > 1) if the condition A = 
> is chosen. As the above matrix is degenerate, 
there is only one propagating mode. 

We are now in a position to analyze the spectrum of the 
initial model of Sec. II. Comparing the two Lagrangians, 
([D) and (P^ . we see that both agree if we identify 



a + J — i 



d q 



= -A: 



£1-2 



-u + w ^ 0. 



(52) 



We see, from the matrices ([37 l) - p2)) . that these rela- 
tions confirm our previous result that there are only mas- 
sive poles in the 2~ and 0~ sectors. Furthermore, the 
conditions in the parameters for the full Lagrangian, de- 
rived above, tell us that the propagation of these modes 
are incompatible, since d = q. Therefore, the initial 
model has no propagation mode for Z3 = 3 and has only 
a massless graviton propagating for I? > 3. 

Now, we must search for the possible unitary La- 
grangians resulting from the possible intersections of the 
conditions above for the extended Lagrangian. However, 
there is a net conflict among these relations. Namely, the 
conditions for the 2~ sector requires u > 0, whereas the 
conditions for 2"*" impose u < 0. Therefore, for arbitrary 
values of the parameters in the Lagrangian (|29p . we have 
a nonunitary model. In order to achieve unitarity for a 
propagating massive graviton, we must assume that some 
modes do not propagate. In so doing, the conditions re- 
lated to these modes do not need to be satisfied. The 
conditions for the nonpropagation of a mode are readily 
seen from the matrices ([571) - (|1^ . They are obtained by 
requiring the absence of a pole related to the mode. In 
the sequel, we present the conditions that must be satis- 
fied in order to get a unitary model with a propagating 
massive graviton: 



i) d = 0; 2r + < < 0; 
4r > u > 0; g < 0; 
- Dt-2r + 2{D - 



t] u — —v\ 
1)^>0. 



w i^w 



> 
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This corresponds to the following Lagrangian: 



1 



;R + ^i? — 2tIiabR 



ha 



qRabcdR 



abed 



hq^ 6r) RabcdR"'"'' - IqRabcdR'" 
6 3 



£> - 1 



(53) 



where the parameters satisfy the conditions of item i. 
The propagating modes are: a spin-2+ massless (for 
£) > 4), and massives spin-2+, spin-0+, spin-0~. There 
are several particular cases of (|53p corresponding to in- 
hibition of the propagation of the modes 0"*" and 0^. 



ii) d = 0; -2r + s > 0; t = -2r; 

- 2r + 2 (£> - 1) ^ = 0; 9 < 0; -y > 0. 



With these parameters, we have the second unitary 
Lagrangian; 



c^-\r 



2r - Ds 
2(^-1) 



R^ + {s- 2r) RabR''^ 



1 



hcd 



{s + 2r) RabR"'' + -qRabcdR"" 
6 

Uq- 6r) i?a6cdi?^''"'' - IqRabcdR''''"' 
6 3 

1 



-2u + v - 



ahc-L 



.2 ; -'aft ^ 



(54) 



In addition to the massive graviton, this model carries the 
massless graviton (for D > A) and a 0~ massive particle. 

iii) d = 0; -2r + s > 0; u = -v; s + t < 0; 

2r + t<0; w{w-v (^)) < 0; > v > 0; 
q<0; Ds-2r + 2{D^l)£,^0. 

The related Lagrangian is 



This model propagates the massless (for D > A) and the 
massive graviton, along with massive 1~ and 0~ particles. 

iv) d = 0; 2r + t > 0; -2r + s > 0; w = (^) ; 

<u<0; ^= 1^^^; 9 < 0; i; > 0; u> -v. 



These conditions exhaust our possibilities of describing 
a massive graviton in a unitary way. The Lagrangian 
associated is given by 



2{D-1 



-R' + (s + t) RabR""" 



U - j ^T"-"" c- + -QlRabcdR"'"^'^ 

\{q~ 6r) RabcdR^'"''' - IqRabcdR""''" 
6 3 



1 

12 

1 



4u + w H — ^ TabcT 



^abc 



-2U + V-^\ TabcT'''" + {s - t) RabR'" (56) 



C = -XR + ^'^, R^ + (s + t) RabR"'' 



2iD-l) 



QRabcdR 



abed 



1 / 1 



TabcT 



bca 



i (q - 6r) RabcdR""'" - IqRabcdR"''"' 
6 3 

i ("^ + i^) + - ^a;,it;^ 

_l_(,„2»-<^)r., 'T", 



(55) 



In addition to the massive and massless graviton (for 
D > 4), there are massive 1+ and 0^ dynamical par- 
ticles. As we have pointed out in the Introduction, there 
is considerable interest in _D = 3 gravity. So, it is wor- 
thy to stress that our results are valid for this dimension 
too. With the exception that in this dimension there is 
no propagating massless spin-2+, the other analyzed fea- 
tures are essentially the same. In order to compare with 
the work of Ref. we investigate these conditions 

for D = A. In this case, we have the following unitary 
Lagrangians: 
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i) C.= — Ai? — 2tRah^°' + ■^qRabcdR"^'"^'^ + ^ ~ 6r) RabcdR'^'''"'^ — ^qRabcd.R"'^^'^ 

with r < -|; ^>'i;>0; q < 0; r < -2i; (w - > 0. 

ii) £= -Ai? - 3si?abi?"'' + bsRabR'''' + IqRabcdR"^^'^ + H'? ~ 12s) RabcdR^'^"'' " ^RabcdR"^^'^ 

with < u < 0; q <0; s < 0; u > 0. 

iii) C= -XR +is + t) RabR"' + is-t) RabR'" + IqRabcdR"''''' + ^ 12s) RabcdR''''''' 

- IqRabcdR"''^ + i (-« + TT?) TabcT'''"' + ' ^) TabcT'"'" + \ {v + 2w - ^) ''T"^ „ 
with s < 0; s + i < 0; w{w - w) < 0; ^ > w > 0; q < 0. 

iv) C= -XR +{s + t) RabR""" + {s-t) RabR'"' + IqRabcdR"'""' +\{q- 6r) RabcdR^''"'' 

- h^abcdR"'"^ + 1^ (4" + « + ^) TabcT'^''- + i {~2U + V-^) TabcT"'^ " " ^) T^b 'T'^' c, 

with 2r + i > 0; s < 0; - -^^ < u < 0; g < 0; w > 0. 

To get these results, we have taken ^ = due to the four-dimensional version of the Gauss-Bonet theorem, which 
states that for asymptotically flat spaces: 



J d^xe {R^uabR'"'"-'' ~ 4.R^aR''^ + = (57) 

and so, there is no need for the presence of the three corresponding terms in above Lagrangians. These conditions 
correspond to particular cases of those listed in \l6\. Therefore, all Lagrangians that describe a massive graviton in a 
unitary way in D dimensions are reduced to some particular case already mentioned in [Ifij]. 



V. CONCLUDING REMARKS 

We set our discussion by trying to generalize the re- 
sults of [q] for the case of a nontrivial and propagating 
torsion. We conclude that our naive ansatz of simply 
considering the same form of that Lagrangian is not suf- 
ficient to describe massive gravitons, and the requirement 
of unitarity is so severe that the model becomes trivial. 
Some considerations guide us to the conclusion that, if we 
wish to introduce massive gravitons, we should include 
explicit torsion terms in the Lagrangian. Furthermore, 
as we are interested in the analysis of unitarity, we con- 
sider the most general parity-preserving Lagrangian in 
D dimensions without higher derivatives, and we inves- 
tigate the constraints on the parameters so as to ensure 
the unitarity. We find a set of unitary Lagrangians in 
D dimensions that propagate a massive graviton, and we 
verify that these Lagrangians agree with those listed in 
[l6[, in the particular case of Z? = 4. But, for D ^ A, 
as the Gauss-Bonet theorem includes products of more 
than two curvature-type tensors, there are many more 
conditions compatible with the unitarity constraints on 
the parameters, due to the extra parameter a. 



The initial purpose was partly reached, once we have 
found unitary Lagrangians with propagating torsion that 
describes at least a massive graviton. However, what we 
have done is not quite a generalization of the results of 
[9f] , since there, the linearized Lagrangian corresponds to 
the Pauli-Fierz Lagrangian, which is intrinsically defined 
in the second-order formalism for gravitation. We could 
try to define such a model in case the torsion propagates 
by inhibiting the propagation of all the other modes, but 
the massive graviton. However, we are here more inter- 
ested on the considerations that should be made to shed 
some light on models for massive gravitons, whenever we 
consider a more fundamental approach to gravitation (in 
the sense of gauge theories) . The lesson we draw is that 
torsion actually plays a crucial role in the discussion, con- 
firming previous results we have referred to in the course 
of this paper. 
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APPENDIX: SPIN PROJECTORS 
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ab\def 
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■■ 2(D^l) {^abOdePf - OabSdfPe) 
- 2(D^)i/2 i^abOdePf " UJabOdfPe) 
2{D^1) {^abOdfPc - dacOdfPb) 
2(D^)i/2 (^"■bPc - OacPb) i^df 
D — l ^ab^cd 
^ab^cd 
—^=^9ab(^cd 

^^_^ ^abQcd 

= 2{D-1) \-^ab {Ode^^cf - ^dfi^ce) - 6ac {Odel^bf - Odf^^be)] 
= 2(D-2) l^'^b i^de^cf — ^dfOce) — ^ac {^de^bf — OdfObe)] 
= — 2(D-2)V2 {^deOafPb + Ode^bfPa — Odf^aePb — ddf^bePa) 
= 5 [Wad {ObfPe - ObePf) + l^bd {OafPe - OaePf)] 
= 2(D-2)i/^ {OacObdPf + OacObfPd - OabOcdPf - OabOcfPd) 
= 5 [oJda {OfcPb - OfbPc) + i^fa {OdcPb - OdbPc)] 
= 2(D-2y/^ {OaeOdfPb - ObeOdfPa - OafOdePb + ObfOdePa) 
= i [uJad {ObePf - dbfPe) + i^bd {OafPe " ^aeP/)] 
= 2(D-2)V2 {^acObdPf - OabOcdPf - OacObfPd + OabOcfPd) 
= \ [Wdo {OfbPc - OfcPb) + '^fa {OdcPb - OdbPc)] 
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ab;cd ~ 
ab;cd ~ 
ab;cd 
■ ■ ' - 

abc;def 
abc\def 

ab;def ~ 

abc;df 

ab;cd 



, {Oac^bd — Oad'^bc — Obc'^ad + Obd^^ac) 
5 {Oac^bd — Oad^bc + Obc^^ad — Obd^ac) 
\ {Oaci^bd + Oadi^bc - Obc<^ad - Obd^^ac) 
= ^OJad [ObeljJcf — ObfOJce — Ocel^bf + OcfOJbe] 
= 2{D-2y'^ 'L^"*' [^ce^d/ - Ocf^de] " ^ac [Obe^df " Obf^de]} 
= 2(J3-2)^/^ ■f'^"^ [OdfOce - OdeOcf] - i^ac [OdfObe - ^deObf]} 

Obe + OaeObd — (jjli) ^ab^de) Pf - (OadObf + OafObd 
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(OadObf + OafObd - 1^IT)0ab0df^ Pc " (OadOcf + OafOcd 

\ {OacObd + OadObc) — ( ^afc^cd 
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29. {'^^)abc-def — h^ad {&be^cf — ^bf^ce — (^ce^bf + dcfUJbe) — J^ad [Sbe^cf — ^bfOJce — ^ce^^bf + ScfOJbe] 
+ jSae [Ocd^bf — dbd^cf] + \Oaf [Sbd^ce ~ ^crf^^be] " 2{D-1) I^ab {dde^cf ~ (^df^ce) — dac {(^de^bf ~ Qdf^be)] 

30. P^^ {l + )ab;def = T (^a/^^brffce - ObdOaePf + OadObePf " ^ad^b/Pe) 
31- (l + )aMe/ = -1 ((^bfOa. ~ O^Pd 

32. (l + )a6c;d/ - (OafOcdPb ~ ObdOafPc + OadObfPc - OadOcfPb) 

33. (l + )a6c;d/ = -5 (SbdOcf - 0,aObf)Pa 

34. ^33^ (1^) ab-,cd — \ (OacObd — OadObc) 

35. -P22"(l^) abc-def — \i^ad [ObeOcf ~ ObfOce] 

36. Pi^ (l^)afcc;de/ " ^ I^ae (Obf^^cd — OcfjJbd) — Oaf {Obe^^cd — Oce^^bd)] 

37. P21 (l^)a6c;de/ ~ ~ I^cd [Obf^ae ~ Obe^af) + Obd {Oce^af ~ Ocf^ae)\ 

38. Pix{X^)abc:def ~ \0 ad [Obe'^cf — Obf^^ce — Oce'^bf + OcfOJbe] + J^ae [Ocd^bf ~ O^d^^cf] + jOaf [Obd^ce — Ocd^be] 

39. P'^" i^^) abc-def ~ ^ {^ad [ObeOcf — ObfOce] + Oae [ObfOcd — ObdOcf] + Oaf [ObdOce — ObeOcdW 

40. P"" {'^^)abc:def ~ 5^a<i [ObeOcf ~ ObfOce) — 2{D-2) [^^6 [OdeOcf — OdfOce) — Oae [OdeObf ~ OdfObe)] 

— ^ {^ad [6*666*0/ — ObfOce] + Oae [ObfOcd — ObdOcf] + Oaf [ObdOce — ObeOcd]} 
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